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Fig. 2 Thickness-wise distribution of the nondimensional transverse
shear stress in a five-layered symmetric cross-ply (0/90/0/90/0) square
plate under bisinusoidal loading, as obtained from constitutive equa-
tions. Analytical and finite element method results.

HSDT [RHSDT]) with those predicted by the exact elasticity
solution® and other commonly used bidimensional plate models:
FSDT and HSDT. The quoted results refer to the cylindrical bending
problem in the (x1, x3) plane. This sample problem has been inves-
tigated for purpose of comparison with exact elasticity solutions.5
1t is remarkable the very good correlation existing between the esti-
mates of the RHSDT plate model and the exact elasticity solution.
On the contrary, notice the inadequacy of all smeared plate mod-
els to give acceptable prediction for this guantity. Figure 2 refers
to the bending of a square plate and compares analytical and finite
element results. Because of symmetry, only one quarter of the plate
has been modeled with 5 x 5 plate elements, All of the results were
obtained by using the Gauss quadrature formula with 5 x 5 integrat-
ing points. Notice the high accuracy of the developed plate element.
It should be remarked that numerical tests not reproduced here for
sake of brevity show that 1) when compared with third-order plate
modeling (HSDT), which will not fulfill the continuity stress con-
ditions at the interfaces, the proposed third-order zig-zag approach
also improves the prediction of the through-thickness distributions
of the in-plane response (in-plane displacements and stresses) and
2) this plate element is practically locking free and behaves well
also in distorted configurations.

It is concluded that the proposed approach gives very accurate
results for low plate thickness ratios and high relative values of the
elastic moduli and does not require any arbitrary shear correction
factor. It is of importance to remember that the thickness-wise dis-
tributions were obtained from the lamina constitutive equations. It
is the authors” opinion that the most important numerical advan-
tage of the third-order zig-zag approach is in the finite element
formulation, because continuous thickness-wise distributions of the
transverse shear stresses can be obtained without resorting to the
integration of the local equilibrium equations. In effect, the last ap-
proach requires second derivatives of the displacement field, thus
lowering the accuracy of the approximation.
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Introduction

N this Note, a circular cylindrical shell is assumed to be simply

supported. The material behavior of the shell and the rib is lin-
early elastic, and the material is homogeneous and isotropic. The
solutjon of a ribbed shell under a concentrated load is obtained by
considering the shell and the rib separately. The interaction forces,
which arise along the contact line between the rib and the shell
are expanded in Fourier series, and then the solutions of the ring
and the shell under the interaction forces are obtained. The unit
displacement matrix is used with the boundary conditions, which
gives the unknown amplitudes of the interaction forces. Thus, know-
ing these amplitudes, the displacements under the loads are obtained
from the ring or from the isotropic shell. In this way the anatytic
solution of the ribbed shell is accomplished. At the end of this Note,
a numerical example is discussed and the solution is summarized in
the figures and table.

Formulation of the Ribbed Shell

The ends of the shell (Fig. 1) are assumed to be supported with
diaphrams (not shown in the figure) that are very rigid in their plane
and flexible out of the plane, so that the shell can be considered to
be simply supported.

Afterall parameters of the problem are expressed in Fourier series,
the equilibrium equations of the shell are

[®]n{X}m = {Xo)m ¢))

The unit displacement matrix [P] of the total system includes the
rib [8] and the isotropic shell [®;] unit displacement matrices,

(@11 + [EODm{X}m = {Xo}m ’ )]

This expression can be written in the form

w, w; fwr wy X Wo
+ = 3
[[U,— U ]sh |:'Ur Ut ]rg]m{ X2 }m { Yo }Shvm ( )

The unknown quantities X; and X, denote the amplitudes of the
interaction forces and are obtained from Eq. (3). The displacements
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Fig. 1 Simply supported ribbed shell;
supports and reactions are not shown.

in axial, tangential, and radial directions («, v, w) under the load
are found from the shell or from the ring equations
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where the 7, ¢, and 0 subscripts indicate the radial, tangential, and
external load influence, respectively. The stress resultants of the
ribbed shell are obtained by using the shell equations:

Mx Mxr Mxt MxO
M¢ -M¢, Mdn M¢0

>
Oy m=2 O QO Qg0
Ny Npxr Nyt |- Ngxo

m

where m is an integer. M, My, Qx, Oy, Nxg, Ny, are the bending
moments, the transverse shearing, and the shearing forces in the
axial and circumferential directions, respectively. When the number
of harmonics increases, the solution will approach the exact result.
The harmonic for m = 1 and the resultants of tangential for m = 0
are excluded because the associated interaction forces are not self-
equilibrating.

Solution of the Simply Supported Ribbed Shell

The displacement and stress resultants of the shell and the ring
are needed under the radial and tangential interaction loads. The
displacement and stress resultants in the circumferential direction
under the radial and tangential interaction forces are obtained in ac-
cordance with Fliigge’s equations (see Refs. 1-3). Interaction forces
or any external load may be represented by the periodic functions,
such as the Fourier series. The displacements, and the stress resul-
tants of the shell are expressed in the same series form as

v = v, sinme¢
My = My, cosme (6)
Q; = Qsmcosme

When these quantities in Eq. (6) are substituted in shell equilibrium
equations, three simultaneous differential equations are obtained.
The prime indicates the partial derivative with respect to x:

U = u, cosmeg;
w = w,, Cos mo;

Nx¢ = Nx¢m sinmd);

u, — ! ; ﬂmzum + ;“mv;,, + pw,,

—k(l;—u-mzum +w! + L;—ﬁm2w[n> =0 (7a)
_1 +“mu;n - m*v, + 1 —2_ “v:,’, — MWy,

+k|:%(1 — W, + %ﬁmw;] =0 (7b)

3—
Qi + mu, + w, +k(—-T-m2u:,l —uy — 3 mv),

m

+w) — 2m*wy, + miw, — 2m*w,, + wm) =0 (7c)

Xy . ~
DERIE

where k = t2/124? is constant and a, ¢, and L are the radius, thick-
ness, and length of the shell, respectively. If the solution of the shell
equations (7) are chosen as exponential functions having constant
coefficients,

Uy = Ae™*4, v, = Be™1?, Wy, = Ce™/° 8)
they can have a solution different from zero only if the determinant
formed from their nine coefficients vanishes. This condition leads
to an eight-degree equation:

12
T + 6m2(m* — 1):|s4 —2m?

st —202m? — wsb + [

xP2mt — @G- pm* + 2 - Wi +m*m? - 1)>=0 )
The eight roots are
s1 = -y +izg; §)=—y —izy
) ) (10a)
§3 = —Yy +1iz; S = —Yy2 — 122
ss =y +izy; S6 =y1 — iz
) ) (10b)
S7 =Yz +122; Sg =Yy — 122

The complete solution is the sum of all roots, with eight independent
sets of constants A;, B, and C;:

pl=yx/a (11a)
ql =zix/a (11b)
p2 =yx/a (11¢)
q2 = zx/a (11d

Um =P (41619 + Aze™") + 7P (A3e' + Age™'?)
+eP (Ase'?! + AgeT") + eP2 (A7 + Age ™) (lle)
Un = e P! (B1€"" + Bre ') + ¢7P2(Bye'?* + Bye '4%)
+e?'(Bse't" + Boe0") + €72 (Bre'? + Bge %) (11f)
Wi _ ePHC1e? + Cre™0) + e P2 (Cae'” + Cae™'P)

+ e (C5e"‘11 + C6e"iq1) + eP? (C7e"“’2 -+ Cge"iq2) (11g)

The constants A;, B;, and C; are linearly dependent. Therefore, A
and B; can be expressed in terms of C;, that is,

Aj=(¥jCj; Bj=ﬂjCj (12)

Consider the three components of the displacements of the simply
supported shell: displacement along the generator ¥ must be sym-
metric, and the circumferential displacement v and the radial dis-
placement w must be antisymmetric with respect to a central ring.:
These conditions yield displacement equations for four unknown
constants:

W, = Cycosh plsingl — Cy sinh plcosgl

+ Cy cosh p2 sing2 — C; sinh p2 cos g2 (13a)
Uy = (B1C2 — B2C1) cosh plsingl — (B1Cy + B,Cr)

x sinh p1cosgl + (BsCs — BaC) cosh p2 sing2

= (BsCs + B+Cy) sinh p2 cos g2 (13b)
Uy = (1 Cy + o,C;) cosh plcos gl — (a0 Cy — i Cy)

x sinh plsingl + (03 C3 + 24 Cs) cosh p2 cos g2

— (0!3C4 —a4Cy) sinh p2 sinq2 (13C)

These unknown constants are found from the boundary conditions
which are written on the ring (Fig. 2). The boundary conditions for
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the radial line loads applied to the circumferential direction (Fig. 2a)
atx = L/2.

Nyp =0; Q. =R/2;
The boundary conditions for the tangential line loads applied to the
circumferential direction (Fig. 2b) at x = L/2

Nyp =T/2; Q:=0;

where R and T are the radial and tangential interaction loads, re-
spectively. With the help of boundary conditions which are written
in the circumferential direction, the solution of the shell subjected
to interaction loads is obtained. The general form of the stress re-
sultants can be written as follows for the symmetric group:

u=0; w =0 14

u=0; w =0 (15)

g = c[(a1Cy + a,C3) cosh plcosgl — (a1 Cr — axCy)
x sinh plsingl + (a3Cs + a4Cy) cosh p2 cos g2

— (a3C4 — a4Cs) sinh p2 sin g2] cos(sin)ym¢ (16a)
and for the antisymmetric group:

g = —cl(a1C, + a,C,) sinh plcosgl — (a;Co — a2Cy)
x cosh plsingl + (a3Cs + a4C4) sinh p2 cos g2

— (a3C4 — a4Cs3) cosh p2 sing2] cos(sin)ym¢ (16b)

Table 1 Displacements and stress resultants in ribbed shell

Displacement: w/f

Stress resultants: My/P  My/P tNy/P tNy/P

Smooth shell —31.32 0.257 0243 —0.153 —0.203
(31.02) (0.238) (0.245) (0.151) (0.204)

Ribbed sheli ~11.67 0.035 0.030 —0.065 —0.106

Fig.2 Line load: a) radial and b) tangential, applied atx = L/2.
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The coefficients c, a;, and a, for the various displacements and stress
resuitants, are given in Table 1 of Ref. 1.

The ring is investigated under the influence of radial and circum-
ferential interaction loads.!* Displacements and stress resultants are
obtained for the ring. After analyses of the ring and the shell have
been completed, the solution of the ribbed shell can be obtained
from Egs. (1-5).

Example

Reconsider the simply supported shell under a concentrated trans-
verse load applied to reinforcing ring (Fig. 1). The numerical
analysis is illustrated in this example of a hinged cylindrical shell
reinforced by one frame member and subjected to a concentrated
load.’ The twisting and bending of the frame in the plane tangent to
the middle plane will be disregarded. A ribbed shell reinforced by
symmetrically arranged rib (Fig. 1) with the following parameters
was considered:

a/t = 30,

Lja =15, I/(bta?) = 0.0115

A/(bt) = 5.0, f = P/(Et)

S/r) =0,

where P is the concentrated force applied to the shell, 11 is Poisson’s
ratio, E is Young’s modulus, and b, A, S, and [ are the width, area,
static moment, and moment inertia, respectively, of ring according
to shell surface. Because of the symmetry of the shell in both the
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Radial displacement of ribbed shell.

Fig.3 My and M, moments for smooth shell: a) at midspan and b) for ¢ = 0.
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longitudinal and circumferential directions, solutions are obtained
for a quarter shell. The same dimensions are used for a smooth shell;
the variations of My and M, are given in Fig. 3, where the dashed
lines represent the corresponding variations for a smooth shell.

Displacement and stress resultants under the load are given in
Table 1 for m = 41. The results taken from Ref. 6 are given in
parentheses. The radial displacements of the ribbed shell are plotted
in Fig. 4.

Conclusions

To obtain sufficiently accurate figures for deflections, only a small
number of significant terms is required. But the number of significant
terms required to ensure a similar degree of accuracy for bending
moments is much larger. It is sufficient to retain 11 x 11 terms in
the series for deflection and 41 x 41 terms in the series for bend-
ing moments.

When the double trigonometric series is used to solve problems
of the stress state of a smooth shell under the influence of a localized
load, the number of significant terms sufficient to ensure the required
degree of accuracy is much larger than the number necessary to solve
an analogous problem for a ribbed shell with loads applied to the
ribs. The presence of rib loads contributes to a substantial reduction
and redistribution of strain and stress in the shell. The intensity of
this effect increases with increasing stiffness of the ribs.

The results are in good agreement with the corresponding exam-
ple in Khitrov,® shown in Fig. 3 and in Table 1.
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Nomenclature

= partitions of stiffness matrix
corresponding to the fixed and unfixed
degrees of freedom’

M nx = analytical mass matrix of constrained
structure

= partitions of stiffness matrix
corresponding to the fixed and unfixed
degrees of freedom

Ker, ny, ny, Kyy

Mxxa Mxy: Myxy Myy
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m = number of measured modes used in the
procedure
Pe = measured modal matrix of the

constrained structure
= partitions of analytical modal matrix
corresponding to lower and higher
frequencies
= partitions of p, corresponding to'lower
and higher frequencies
Qan = diagonal matrix of analytical higher
natural frequencies of the constrained
structure
Q, v = diagonal matrix of measured natural
frequencies of the constrained structure
= partitions of €2, corresponding to lower
and higher frequencies
w = natural frequency of the.unconstreuned
structure
1O = sum of the squares of all elements of
matrix ()
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Introduction

T is difficult to measure the mode shapes and frequencies of a

vehicle that is unconstrained (free-free) by virtue of soft sup-
ports or suspensions. Przemieniecki! derived an analytical method
for determining the modes of an unconstrained structure using the
test data from the constrained ground vibration experiment. The
method requires that all of the structural modes be measured, which
is not possible in most cases for large acrospace structures. Recently,
Chen et al.? proposed an approach to improve Przemieniecki’s
method by modal truncation so that only the lower modes need
to be measured. However, the approach does not consider any com-
pensation for the truncation of the higher modes.

In this Note, we present a method that considers the compensation
for the modal truncation effect; it is essentially the application of the
approach originally developed by Baruch and Bar Itzhack,®> Wei,*
Baruch,’ and Berman and Nagy?® for stiffness matrix modification.

Method of Przemieniecki and Chen et al.

The dynamic equation for a freely vibrating unconstrained system
is given by

[ 5] ) o
Kye Ky M,. M, dy

inwhichthe stiffness matrices K, Ky, = K o and K, are assumed
to be obtained from static tests; the mass submatrices M, = M, d
and M,, are analytically derived; and the mode shapes are pam-
tioned into g, and g,, respectively, corresponding to the unfixed
and fixed degrees of freedom during the ground constrained test.
Assuming that all modes of the constrained structure are measured
from tests, Przemieniecki derived the relationship between the mea-
sured frequencies 2, and mode shapes p, from the constrained test
and the unknown mass submatrix M,

M, = xxpeQ 2 _1 (2)

The term M,, given by Eq. (2) can be substituted into Eq (1) for
the evaluation of the frequencies w and mode shapes {qz, q,} for the
unconstrained system.

In Eq. (2), all of the frequencies and mode shapes are assumed
to be measured from tests. To bypass this requirement, Chen et al.2
partitioned €2, and p, into lower and higher frequencies 2,; and €2,
and modes p,; and p.;, respectively, expressed M,, by

Mxx = xxpelQe_I4P21Kxx + Kxxpeh 9;;,41’:;, Kxx (3)
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